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ABSTRACT

In this paper, we investigate the propagation of nonlinear waves in a discrete semi-infinite chain
modeled by the conformable Hybrid-Lattice equation. By employing the continuum limit
approximation, we transform the governing Differential-Difference Equation (DDE) into a nonlinear
partial differential equation with fractional temporal evolution. We propose the application of the
Generalized Kudryashov Method (GKM), a robust analytical technique that constructs solutions using
exponential rational functions. This approach yields new exact solutions, including topological kink
solitons and singular blow-up waves, which are essential for understanding energy transport and
instability in nonlinear lattices. The impact of the fractional order a and the auxiliary base parameter
A on the wave velocity and steepness is analyzed through comprehensive numerical simulations. The
results demonstrate the efficiency of the GKM in solving fractional nonlinear evolution equations.

Keywords: Hybrid-Lattice equation; Conformable Calculus; Generalized Kudryashov Method:;
Optical Solitons; Discrete Systems; Singularity Analysis.
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1. Introduction

Nonlinear Differential-Difference Equations (NDDES) occupy a central position in mathematical physics,
effectively modeling systems that possess discrete spatial structures but evolve in continuous time. These
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models are ubiquitous in condensed matter physics, particularly in the study of atomic chains, molecular
crystals, and biophysical systems such as DNA dynamics [1, 2]. Unlike purely continuous Partial
Differential Equations (PDEs), NDDEs capture the intrinsic granularity of matter, leading to phenomena
such as intrinsic localized modes and discrete breathers [3]. Recent studies have further expanded the
analysis of such discrete systems to include Lotka-Volterra models [4] and integrable discrete hierarchies

[5].

In recent decades, the concept of non-locality has been introduced into these lattice models through
fractional calculus. While classical derivatives describe local changes, fractional derivatives incorporate
the history of the system, a property known as memory effect [6]. This is crucial for modeling propagation
in high-dispersive media [7] and complex magneto-acoustic systems [8]. To overcome the analytical
difficulties associated with integral-based definitions (like Riemann-Liouville), Khalil et al. [9] proposed
the Conformable Derivative, the physical interpretation of which has been extensively discussed by Zhao
and Luo [10].

The search for exact traveling wave solutions for such complex systems requires sophisticated analytical
methods. In the literature from 2015 to the present, several powerful schemes have emerged, including the
Sine-Gordon expansion [11], the modified Khater method [12], and the functional variable method [13].

Concurrently, the study of optical solitons has garnered significant attention in broader nonlinear contexts.
Recent investigations have successfully derived soliton solutions for birefringent fibers [14], nonlinear
negative-index materials [15], and the nonlinear Schrodinger equation with conformable derivatives [16].
Furthermore, advanced rational function methods have been applied to resonant nonlinear Schrodinger
equations to find novel wave structures [17].

In this paper, we utilize the GKM. Originally proposed to solve continuous PDEs, this method relies on a
specific auxiliary ordinary differential equation (ODE) whose solutions are expressed in terms of
exponential functions. This method is particularly effective in retrieving soliton solutions that decay
exponentially at infinity, physically representing localized pulses [19, 20]. The method has been
successfully adapted for various fractional evolution equations [21, 22]. We apply this method to the
continuum limit of the Hybrid-Lattice equation to derive novel soliton solutions.

2. Preliminaries

2.1. Conformable Derivative
Given a function f: [0, ) — R, the conformable derivative of order a (0 < @ < 1) is defined as:

1-a)_
f(t+et )f(t). (1)

€

DEf(t) = lim
€—0
A crucial property used in this work is the chain rule for composite functions [10]:
DE(f o g)(t) = t*g'()f'(g(®)). )
2.2. Hybrid-Lattice Model
We consider the nonlinear Hybrid-Lattice equation with conformable time evolution that defined in [18]:
DEv () = (A + Brn(®) +yvi () (Vn11(8) — vpq (). €)

Here, v,,(t) represents the displacement of the n-th particle. To analyze this system analytically, we apply
the continuum limit approximation (v,,(t) — u(x, t)). Using the Taylor series expansion up to 0 (h*):

h3
Un+1 — Vn-1 = 2hux + ?uxxx- (4)
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Substituting this into equation (3) yields the nonlinear PDE:

3
ul® = A+ B+ yu?) (2hity + =ty ) = 0. ©®)

3. Generalized Kudryashov Method

The GKM is a powerful algebraic technique for solving nonlinear evolution equations. The steps are
defined as follows [19]:

Step 1: Transform the PDE into an ODE using the traveling wave variable ¢ = kx — gt“.
p,u,u"...)=0. (6)

Step 2: Assume the solution U(&) can be expressed as a polynomial in Q(¢):

U@ =X0a;Q'(®), ay#0, ()
where Q (&) satisfies the auxiliary equation:
Q') =(Q*® -Q®)n4, A=0,1 6)
The solution to this auxiliary equation is given by:
Q) = ——, 9)

where D is an integration constant.

Step 3: Determine the integer N by balancing the highest order derivative and the nonlinear term in the
ODE.

Step 4: Substitute the ansatz equation (7) and the derivatives of Q into the reduced ODE. Collect
coefficients of Q! to form a system of algebraic equations. Solving this system yields the parameters
a; k,c.

4. Application and Exact Solutions
Applying the wave transformation & = kx — 2 t* to equation (5), we integrate once (setting the integration
constant to zero) to obtain the balanced ODE typical for mKdV-like equations:

C1U"+C2U3+63U= 0, (10)
where the coefficients c,, ¢,, c3 are functions of the lattice parameters 4, 8,y, h.

Balancing U” with U2 in equation (10) yields N + 2 = 3N = N = 1. Thus, the solution takes the form:

U(§) = ap + a,Q(%). (11)
Computing the derivatives using Q' = (Q? — Q)InA:
U" = a,(In4)?(2Q3 — 3Q% + Q). (12)

Substituting U, U3, U" into equation (10) and collecting powers of Q (&), we get the following system of
equations:
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Q3: 2c,a;(In4)? + a3 =0,

Q% —3c;a,(InA)? + 3cya9a? = 0,
Qt: c1a;(InA)? + 3cy,aéa, + cza, =0,
Q°: c,a3 + czay = 0.

Solving this system provides the relationships between a,, a,, c, k. For instance, from the Q3 term:

a; = + /—M (13)

Substituting these into equation (7) and using equation (9), we obtain the generalized Kudryashov solution:

u(x, t) =ag+ay (ﬁ) (14)
1+0A"* @

5. Numerical Simulation and Discussion

In this section, we choose various parameter sets to investigate the physical dynamics of the derived
solution (14). Before discussing each of the four cases separately, Table 1 below provides an overview of
all exact solution regimes obtained using the Generalized Kudryashov Method. These regimes include the
stable kink soliton, singular blow-up wave, the impact of the fractional order o on wave retardation, and
the effect of the base parameter A on wave front steepness. The reader might use this table as a guide while
thoroughly examining each case.

Table 1. Shows an overview of the conformable Hybrid-Lattice equation's exact-solution scenarios, parameter
values, solution forms, and matching figures.

#  Case/Wave Type Parameter Values Solution Forms Figure
1 Stable Kink- D=1,A=e = 2718, Logistic form, u = Fig. 1 (3D
Topological soliton  a =0.98,a,=0,a;, =1 ﬁ spatiotemporal plot)
1+efx—¢
2 Singular Soliton - D=-1,A=e=~ 2718, Singularity at Ak*~(c/0t* =  Fig. 2 (3D singularity
Blow-up wave a=1.0 1,i.e. kx = (c/a)t® profile)
3a Base-A Effect - A=e~2718,t =1, Baseline logistic, In4 = 1 Fig. 3 (2D cross-
Gradual wavefront D=1,a=1 section)
3b Base-A Effect- A=5t=1,D=1,a= Steeper transition, In5 ~ Fig. 3 (2D cross-
Medium steepness 1 1.6 section)
3c  Base-A Effect-High A=10,t=1,D =1, Sharpest transition, In10 = Fig. 3 (2D cross-
steepness a=1 2.3 section)
4a Fractional Order a=10,t=2,A=e, t* = t, no memory effect Fig. 4 (2D fractional
a = 1 (classical) D=1 comparison)
4b Fractional Order a=09t=2A=ce, Mild retardation, t%° < t Fig. 4 (2D fractional
a=09 D=1 comparison)
4c  Fractional Ordera = a =0.75,t=2,A=ce, Moderate retardation, Fig. 4 (2D fractional
0.75 D=1 075 <¢ comparison)
4d  Fractional Order a = a=06,t=24A=ce, Strong retardation, t%¢ < Fig. 4 (2D fractional
0.6 D=1 075 comparison)

Case 1: Stable Kink Soliton Propagation

By choosing the integration constant D = 1 and the base A = e (Euler’s number), the solution simplifies
to a logistic function, representing a topological kink. Kinks are crucial in lattice dynamics as they
represent domain walls or transition states between equilibrium positions.
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Figure 1 illustrates the 3D spatiotemporal evolution of this wave. The amplitude transitions smoothly from
ao to ag + a,. The wave travels without deformation, confirming the balance between nonlinearity and
dispersion in the continuum limit of the Hybrid-Lattice.

Stable Kink Soliton

Figure 1. 3D evolution of the stable Kink Soliton ata, = 0,a; =1,D = 1,A =e,and a = 0.98.

Case 2: Singular Soliton Dynamics

Singular solutions, while often discarded in basic wave theory, are physically significant in the context of
extreme events, such as wave breaking or plasma instability. By setting D = —1, the denominator in (4.5)
approaches zero when AR = 1, leading to a singularity.

Figure 2 displays this behavior. The solution exhibits a "blow-up" at specific spatiotemporal points. This
corresponds to a region in the lattice where particle displacement exceeds the elastic limit of the model
approximation.

Singular Soliton

u(x,t)

Figure 2. Profile of the Singular Soliton showing infinite discontinuity at D = —1,A = e, and a = 1.0.
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Case 3: Effect of Base Parameter 4

The Generalized Kudryashov Method introduces the arbitrary base A. This parameter controls the
steepness of the soliton interface. As shown in Figure 3, increasing A from e (approx 2.718) to 10 results
in a much sharper transition (steeper gradient). This allows the method to model "shock-like" waves in the
lattice without changing the fundamental velocity parameters.

Steepness vs Base A

— ==

-

A=27183
--=A=5
A=10

Figure 3. 2D cross-section comparison at t = 1 for different base values A. Higher A yields a steeper wave front.

Case 4: Influence of Fractional Order «

The conformable derivative order a encapsulates the memory effects of the material. As illustrated in
Figure 4, as a decreases from 1 (standard derivative) to 0.75, the wave experiences a significant phase shift
and retardation. This implies that in a "fractional” lattice, energy propagates slower due to non-local
interactions between particles.

Fractional Order Effect

Figure 4. The impact of fractional order a on wave propagation at t = 2. Lower « indicates strong memory effects.
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6. Conclusion

In this study, we successfully applied the Generalized Kudryashov Method to the conformable Hybrid-
Lattice equation. We derived a general family of solutions dependent on the base parameter A. Numerical
simulations revealed that the system supports both stable topological kink solitons and singular blow-up
waves depending on the integration constants. Furthermore, we demonstrated that the fractional order a
acts as a retardation parameter, slowing down the wave propagation, while the parameter A modulates the
steepness of the wavefront. These results provide deeper insight into the energy transport mechanisms in
nonlinear discrete systems with memory.
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