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ABSTRACT

In this study, an examination is conducted on a pseudo hyperbolic telegraph partial differential equation
using two effective methods: the Laplace transform Collocation method and the finite difference
technique. The approximations obtained from both methods are compared, and the collected results are
presented in an error analysis table. Additionally, a stability estimate is provided for the problem being
investigated. The accrued numerical approximate solutions show that the finite difference technique is
more appropriate and gets better results for the proposed problem than the Laplace transform
Collocation approach since it is closer to the exact solution. Finally, the obtained results for both
approaches are graphically represented.

Keywords: Pseudo-hyperbolic telegraph equations; Laplace transform Collocation method; Finite
difference method; Numerical solution; Error estimates.
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1. Introduction

Hyperbolic partial differential equations come upon applications in various fields of engineering and
science, including fluid dynamics, wave propagation, random motion theory, hydrodynamics, thermal
motion, electromagnetics, and materials science. The hyperbolic form of partial differential equations was
developed to evaluate engineering and physical science models that often-included physical rules such as
Newton's law of balance of forces. Methods for overcoming these challenges have been developed in recent
years, there are many methods for solving hyperbolic partial differential equations, as well as numerical
and exact solutions [1-6].
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Telegraph equations play an essential role in the study of hyperbolic partial differential equations and arise
widely in engineering and the applied sciences, where they describe reaction—diffusion phenomena more
realistically than classical diffusion equations owing to their finite propagation speed. Their applications
range from random motion theory, where fractional and heterogeneous telegraph processes with memory
and stochastic resetting have recently been analyzed [7, 10], to electromagnetic energy transfer studied
through multiphysics simulation of microwave heating [8], and to signal propagation along transmission
lines, for which Cvetic¢anin et al. derived non-local telegrapher's equations as a generalized transmission
line model [9]. Among the many numerical strategies proposed in recent years, Hashemi et al. developed
high-order compact finite difference methods for the multidimensional hyperbolic telegraph equation with
rigorous stability and convergence analysis [11].

The pseudo hyperbolic telegraph partial differential equation is a complex mathematical system that
involves mixed partial derivatives. This equation, which is widely used in various fields including
thermoelectricity, plasma physics, nerve conduction, longitudinal vibrations, and response diffusion, has
been extensively researched in several publications. These studies have focused on different aspects of the
equation, such as the existence and unigueness of numerical solutions [12], stability estimates of numerical
solutions [13], and the existence and uniqueness of solutions for Cauchy-type problems [14].

On the other hand, the Laplace transform Collocation method and the finite difference approach are two
robust and precise numerical techniques for calculating the approximation solution of the pseudo
hyperbolic telegraph equations. The Laplace transform Collocation method is an effective technique based
on the Laplace transform. Additionally, the finite difference method and its approximation solution,
stability estimate, and theoretical benefits are crucial in the field of mathematics. Therefore, it is crucial to
understand the distinctions between them concerning precision, reliability, and computational duration.
The Laplace transform Collocation technique and the finite difference method are two robust and efficient
approaches utilized to determine both approximate and analytical solutions for a wide range of problem
types, for example, the authors in [15] presented the Laplace Collocation technique for solving some types
of differential equation in the Caputo sense. With the help of the Laplace Transform Collocation Method,
the authors in [16] were able to find a rough solution to one-dimensional telegraph equations. By utilizing
the Daftar-Gejii-Jafaris approach and the Laplace transform Collocation method, the author in [17] was
able to approximate the solution of fractional order time-varying dynamical system in sense of the Caputo
derivative. Finally, in [18], researchers employed the explicit finite difference method to acquire an
approximate solution to the pseudo-hyperbolic equations, utilizing the Caputo fractional derivative.

Building upon the numerical framework established by Modanli and Ozbag (2022) for the pseudo-
hyperbolic telegraph equation [19], this study extends the application of the finite difference scheme to a
distinct problem. Furthermore, to thoroughly evaluate the performance and reliability of the proposed
approach, the numerical findings are compared with those obtained via the Laplace Transform Collocation
method.

The following partial differential equations for the boundary value problem will be examined in this study:

2%w(tx) = ow(tx) L, 03w(tx) | 0%w(tx)
ez T T w(t,x) =B axzor T ox? +f(tx) 1)
0<x<IL, 0<t<T

w(0,x) = @(x), w(0,x) =1(x),

where f, ¢ and i in the defined regions are known continuous functions, g is a constant and g > 0, and
w is an unknown function [20]. The purpose of this research is to find numerical solutions for pseudo-
hyperbolic telegraph partial differential equations using two efficient techniques: The Laplace transform
Collocation technique and the finite difference approach. By employing the Laplace transform procedure,
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a novel explicit function is derived from the fundamental equation. The Laplace transform Collocation
method is then utilized to approximate the solutions for the given problem.

2. Laplace Transform Collocation Method (LTCM)

In this section, we present a brief overview of how to apply the Laplace transform Collocation method to
solve the pseudo hyperbolic telegraph equations, similar to the approach used in [20].

To begin, we use the Laplace transform on both sides of equation (1), resulting in the following expression:

3 2
s2w(s,%) — sw(0,x) — w, (0,%) = —£ {5 — plw (e, 0} + pL {TE) 4 {2200
L{f (t.x)}. )
The explicit form of the function w(t, x) is applied for Laplace transform Collocation method, then we
have the following formula
w=wy+ 251:1 Cn Wh, (3)

here c,, are constant coefficients that can be obtained using the initial values from equation (1). When we
apply equation (3) to equation (2), we get

k k

1 d

W(s,x) = ) s| wy(0,x) + Z cpwy,(0,x) |+ T wy(0,x) + z cpwy,(0,x) |+
n=1 n=1

23w(t, x)

0x20t

k
Ox wo (L, x) + Zl Cp Wy (t, x)
n=

k
9
c]— Wo(t,x)+ZCan(t,x) +BL
n=1

k k
—L {—awgi’ *) (wo(t, x) + nZl cn Wi (2, x))} — (wo(t, x) + ; e wn (8, %)) + L{f (¢, %)}

By applying the inverse Laplace transform to the previous equation, we get

Whew (£, X) = ,C‘l[siZ {s (WO(O, x) + Yk_ cpwy(0, x)) + % (WO (0,x) + XX_, cowy (0, x)) +

L {667 (Wo (£, %) + X=1 o Wi (t, x))} + pL {62‘;2(2’:) (WO (t,x) + XK _ i cpwy (2, x))} —
L{ZED (o (£, 3) + Bk g € Wa(t, 1))} — (Wolt, 2) + Bk _y € W (£, 1)) + LIF (£, )] @)

If equation (4) is used in equation (1) at points x = x;, then the new Collocation equation becomes

0 Wnew (X)) | OWnew(tx;)  02wrew(txj) 3 Wrew(t.x})
a2 at - 9x2 + uneW(t’ xf) T axzac f(t’ xf)' ®)
herej =1,2,..,n forx]- =/

The remaining term for this new equation is

Rn(t' x) = L[Wn(t, x)] - f(t' X), (6)

in the given context, the functions w(t,x) and w,,(t, x) represent the precise and estimated solutions
correspondingly, and are expressed in the following manner

2 2 3
L[Wn (t, x)] _ “wp (t,x) + owy(tx) _ d“wy (t,x) _ 3wy (t,x)

ot2 at dx2 0x20t

+ w, (t, x), @)
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we can write (7), as

Pwu(tx) | dwn(tx)  P*wn(tx)
ot? at ox?

+w,(t,x) = f + R, (8)

taking L as a linear operator and e, (t, x) = w(t, x) — wy,(t, x), we get

d%ep(t,x) , dwn(tx) 0%e,(tx) 33wy (tx)
ot? ot 0x? 0x20t

+ e, (t,x) = R, (¢t, x). ©)]

By using the initial value conditions in equation (1), then we obtain the new initial value conditions for
equation (9) in the form

en(OJ x) = (en)t(ol x) = O; (10)
en(t,0) = ey(t,L) =0, (11)
by solving equation (9) and using the initial values (10) and (11), the equation e, (t, x) is obtained as:

e, (t,x) = wy(t,x) —w(t, x).

3. Applications of the Laplace Transform Collocation Method

In this section, we will present examples of how the Laplace transform Collocation method will be applied
to solve the pseudo hyperbolic telegraph equation. For this purpose, the following pseudo hyperbolic
telegraph partial differential equations is considered

2’w(tx) . ow(tx) L, 83w(tx) | 9%w(tx) 4t
sz T T w(t,x) = 52or T oz T3€ sinx, ”
w(0,x) = sinx, w;(0,x) = —sinx, (12)

0<x<m 0<t<L

To find an approximate solution for this problem, we will apply the Laplace transform Collocation method.
By taking the Laplace transform of both sides of equation (12), we can derive the following result.

3 2
w(s, x) = Slz [s. sinx — sinx — L {_aw;?x)} — L{w(t,x)} + glj {aal;vz(g:)} + L {_a aw;,x)} + gL{e_tsinx}],
(13)

by employing the Laplace transform Collocation method to equation (12), we derive the subsequent
expression representing an estimation for the solution

w(t,x) = sinx — tsinx + C;t?(x?(x — 1)) + Cpt*x(x — m)2. (14)
By using formula (8), we get
R(t,x,Cy, Cy) = [(—Zt —2t2 — §t3) €, + Cz)] X3+ [(Zt +2t% + §t3) €, + 262)] mx? +
|- (2t + 267 +263) Gy + (Bt + 1667 + 23 +2¢4) (€ + €| x+ (— e+ (-1 -2-2)¢e2 4
(-3-2-2) —t¥)2m(C +2C) + (- e — 2+t + (1 +2) 2 +363) sinx. (15)
From the equation (15), we obtain
(—Ax3 + Anx? + Bx + 2Cm)C; + (—Ax3 + 2Anx? — Anx + Bx + 4Cx)C, + Dsinx =0,  (16)

here, A = 2t + 2t? +§t3,
B = 8t + 14t2 +13—6t3 +%t4,

4 7 8 1
C=—-t—=-t?—-t3 —=t%
3 3 9 12
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= _8,-t_ 5,2, 1.3
D=-ze 2+t+ St ot
If we take x; = % , X, =3and t = % in the formula (16), we get

w(t,x) = sinx — tsinx+Cyt?(x?(x — m)) + C,t%x(x — m)2. (17)

4. Finite Difference Method and Stability Analysis

In this section, we will create a finite difference approach and showcase its stability concerning the pseudo-
hyperbolic telegraph partial differential equation (1). Initially, we suppose that the grid spacing for the

finite difference scheme within the rectangular region w” x w? is characterized by h = %for the x —axis
and 7 = %for the t —axis, then we have

annh,nZI’z’-..’M’ tkzk‘[’kzl’z’...’N_

At the points (tx, x,) € w" x w?, we can write the system (1) as

Wit (tkv xn) + we (tkv xn) + W(tk:xn) = BWixx (tk! xn) T Wiy (tk:xn) + f(tk' xn)- (18)

The first order difference scheme technique for equation (18) is developed in this stage using the Taylor
expansion series with respect to x, which is provided by the following formulas

Wee (L, Xp) = w, (19)

we (b, Xn) = M (20)

W (b, ) = & (Me=2tioviy _ i oowid it (22)
Wax (ties %) = W 22)

the equations (19), (20), (21), and (22) are applied to formulate the difference schemes for equation (18)
in the following manner

wkt_wkwk-1 + wk-—wk-1 +uk = B w’ﬁ+1—2w,lg+w’,f_1 _ w’,f;%—Zw’ﬁ_1+W7’§:}
72 T n T h? h2
Wi TIWAWEL 4 ek | < <N-1, 1<n<M—1
f ot e T IsksN-L dsnsM-1, (23)
, wi-w) .
w) = sinx, —t=—sinx, 0<n<M,

wk=wk=0 0<k<N.

The difference scheme formula (23) can be rewrite by using the initial condition, as follow
B - B 1 B - B 1

() wited + (=5 ) witea + ) wist + (= 2 =) wita +

G 2o+ G 2o e 2+ (i -

T2 T h2t h

(24)

h?  h?t h? .
Theorem 4.1. If St tt-—> B. Then the formula (24) is stable.

Proof. To prove this theorem, if we take the ¢ = 1, in formula (13) as in [21], then we get the same system
as in formula (24), and the theorem is proven.

h?  hnit h? .
Theorem 4.1. If St tri——> B. Then the formula (24) is stable.
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Proof. To prove this theorem, if we take the ¢ = 1, in formula (13) as in [21], then we get the same system
as in formula (24), and the theorem is proven. [

5. Results and Discussion

In this section, we present the numerical outcomes of solving the pseudo-hyperbolic telegraph partial
differential equations using the Laplace transform Collocation and finite difference techniques. To obtain
the exact solution (as given by equation 12), we employ the modified double Laplace method described in
[20]. The exact solution is depicted as w(t, x) = e~tsinx. The Laplace transform colocation method was
used to find the approximate solution to the proposed model. An approximate solution is obtained by
deriving a new explicit function from the fundamental equation utilising the Laplace transform method, as

w(t,x) = sinx — tsinx+C;t?(x?(x — m)) + C,t%x(x — m)2.

The error analysis table demonstrates a comparison between the exact solution and the approximate
solution of problem (12). The table was constructed using two methods: the Laplace transform Collocation
method and the finite difference method. The Matlab software is used to create the data analysis table. We
obtain the error estimates because we cannot determine the expected error from the graphical
representations.

Table 1. Numerical Outcomes

N,M Error (LTCM) Error (FDM)
N=25M=5 0.389697200443069 0.003224717155240
N=100,M =10 0.002114054886333 7.9835 x 107*
N =400,M = 20 2.8770 x 107* 1.9660 x 107*
N =900,M =30 4.6925 x 1075 8.7160 x 1075
N =1600,M = 40 1.2167 x 107° 4.8861 x 107°

Table 1. Explained the error estimates of equation (12) by using the Laplace transform Collocation
technique and the finite difference approach. It is clear that the error analysis columns obtained by both
methods are in good agreement.

EXACT SOLUTION

Figurel. Gives the exact solution of (12)for0 <x <m, 0<t<1.
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APP. SOL.

Figure 2. Explain the approximate solution of (12), at M = 20, N = 400,0 < x < m,and 0 < t < 1 by using finite
difference method.

0.35 T T T T T

=mmmm egxact solution
approximation sol

0.3} .
0.25 .
02F s .

0.15 - 1

0.1 I I 1 I | . I 1 .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3. Compares the results of the exact and approximate solutions of (12), M = 20, N = 400,and 0 <t <1,
by using finite difference method.

The graphical representation of the solution obtained through the finite difference method reveals a
remarkable similarity between the exact and approximate solutions, as depicted in Figure 1 and Figure 2.
Figure 3 further confirms that there exists a negligible disparity between these two solutions when using
the same method.
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App. Sol. for LTCM

Figure 4. Shows the approximate solution of (12), M = 20, N =400,0 < x <mw,and 0 <t < 1, by using
Laplace transform colocation method.

The disparity between the exact and approximate solutions is evident in Figures (1) and (4). However, in
Figure (5), we observe a close resemblance between the exact and approximate solutions for the regions
where 0 < x < 0.2 and t > 0.06. Overall, the figures and data analysis table indicate that the finite
difference approach outperforms the Laplace transform Collocation strategy when solving the pseudo-
hyperbolic telegraph partial differential equation using the proposed methods.

LTCM method

0.08 T T T

T T T

""" exact solution
approximation sol

0.04 |-

002 1 1 1 1 1 L 1 1 1
0 0.1 0.2 0.3 04 05 06 07 038 0.9 1

Figure 5. Compare the results of the exact and approximate solutions of equation (12) via the Laplace transform
colocation technique.

6. Conclusion

In this study, we investigated the solution of the pseudo-hyperbolic telegraph partial differential equation
through the application of two numerical methods: The Laplace transform Collocation method and the
finite difference method. Additionally, we obtained the exact solution using a modified Double Laplace
transform method. The main objective was to compare and evaluate the accuracy and efficiency of these
methods in solving the proposed problem. The results demonstrated that the modified Double Laplace
transform method successfully yielded the exact solution for the problem. However, due to its complexity,
this method might not be the most practical choice for solving similar problems in real-world applications.
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For the approximation solutions, we employed both the Laplace transform Collocation approach and the
finite difference method. The findings, including the error analysis presented in Table (1), provided
valuable insights into the performance of each method. The comparison revealed that the finite difference
method outperforms the Laplace transform Collocation approach in terms of accuracy and robustness for
the given problem. FDM deals with local grid points and handles derivative approximations systematically
via Taylor expansions, whereas global trial functions in LTCM may experience convergence limitations
under certain boundary constraints for this specific pseudo-hyperbolic structure. Furthermore, we
performed a stability analysis for the finite difference method, which showed that it remains stable for the
given problem domain and initial/boundary conditions. This crucial analysis ensures the reliability of the
finite difference method in various practical procedures. One-dimensional issues were the main subject of
the investigation. Future research will face additional obstacles and opportunities as the development of
extending numerical procedures to solve pseudo-hyperbolic telegraph equations in higher dimensions.
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